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Abstract 

A recently proposed phase space condition which comprises information about 
the vacuum structure and timelike asymptotic behavior of physical states is ver- 
ified in massless free field theory. There follow interesting conclusions about the 
momentum transfer of local operators in this model. 



1 Introduction 



Compactness and nuclearity conditions, which characterize phase space properties, proved 
useful in the study of many aspects of Quantum Field Theory [4,5,7,10,14,17,19]. Ver- 
ification of phase space conditions in models [4,8,9,11,14,15] is an integral part of these 
investigations, since it demonstrates consistency of these criteria with the basic postu- 
lates of local, relativistic quantum physics [16]. In [15] a sharpened nuclearity condition 
has been proposed. It restricts correlations between different phase space regions and 
implies several physically desirable features. Among them are a certain form of additiv- 
ity of energy over isolated subsystems and the uniqueness of vacuum states which can 
be prepared with a finite amount of energy. These vacuum states appear, in particular, 
as limits of physical states under large timelike translations in Lorentz covariant theo- 
ries and are approximated by states of increasingly sharp energy-momentum values, in 
accordance with the uncertainty principle. This novel nuclearity condition seems also 
relevant to the study of particle aspects of a theory [12]. It is the aim of the present Let- 
ter to verify this criterion in massless free field theory. In comparison with the massive 
case studied in [15], the present investigation requires substantial technical improve- 
ments which we discuss below. As will be shown in a future publication, these advances 
enable a detailed harmonic analysis of translation automorphisms in massless theories. 

Before we formulate the sharpened nuclearity condition, we recall briefly the math- 
ematical framework: Let V, W be Banach spaces and ||| • ||| be a norm on the space 
C(V, W) of linear maps from V to W. We say that a map II : V — » W is p-nuclear w.r.t. 
the norm ||| • ||| if there exists a decomposition 11(f) = ^ n II n (t;) into rank-one maps, 

convergent for any v G V in the norm topology in W, s.t. v := (^2 n ||II n ||| p )p < oo. 
The p-norm |||n||| p of this map is the smallest such v over the set of all admissible de- 
compositions. To construct the norms which are suitable for our purposes, suppose that 
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there acts a group of automorphisms W +1 3 x — > (3 X on V. Then, for any N G N and 
x-i . . . x N G R s+1 , we set 

/A \* 

||n|| x ,.. xjv = sup V||n(/3 Xfe t;)|| 2 , ue£(v,w), (l) 

where V\ is the unit ball in V, and denote the corresponding p-norm by || • \\ PtXl ...x N - 

Next, we identify the spaces V, W, automorphisms f3 x and maps II in the framework 
of Quantum Field Theory. Let T~i be the Hilbert space, ujq the normal vacuum state, 
M s+1 3 x — > a x G Aut(5(7i)) the translation automorphisms and H the Hamiltonian. 
We set T E = P E B(H)*P E , where P E is the spectral projection of H on the subspace 
spanned by vectors of energy lower than E and choose V = T E := {</? — ip(I)u; | </? G Tg;}. 
This space is clearly invariant under the dual action of translations (3 X = a*. Finally, 
we set W = 21(0)*, where 21(0) C B(TL) is the local algebra of observables attached to 
a double cone O C 1R S+1 , and define the family of maps II^ : T E — > 21(C)* given by 

U E ((p) = y|a(o), ^eT E . (2) 

The strengthened nuclearity condition, proposed in [15], has the following form. 

Condition A^. The maps LT^ are p-nuclear w.r.t. the norms || ■ || Xl ... Xjv for any 
N G N, xi . . . x N G M s+1 , < p < 1, S > 0, and double cone O C R s+1 . Moreover, 
there holds for their nuclear p-norms 

limsup lln^llp^...^ < c p , (3) 

where c p is independent of N and the limit is taken for configurations x± . . . xn, 
where all Xi — Xj, i ^ j , tend to spacelike infinity. 

We note that the first, qualitative part of this criterion is equivalent to Condition iVjj 
formulated in [11] and the essential additional information is contained in the bound (3). 
This refinement is motivated by the observation that a measurement is always accom- 
panied by an energy transfer from the physical state to the observable. Additivity of 
energy over isolated subregions should then imply that for any (p G T E the restricted 
functionals a^ip\^o) are arbitrarily close to zero apart from translations varying in some 
compact subset of W, depending on <p. This picture is particularly plausible in a mas- 
sive theory, where a state of bounded energy contains only a finite number of particles 
which are well localized in space. Making use of this simplification, Condition N$ was 
verified in [15] in a theory of non-interacting massive particles. 

In the present Letter we demonstrate that this criterion is valid also in the massless 
case for s > 3. There the status of Condition is less obvious, since one has to handle 
the "infrared cloud"- states of bounded energy containing arbitrarily large numbers of 
massless particles whose localization properties are poor. The proof is accomplished 
by combining the underlying physical idea of additivity of energy over isolated subre- 
gions (Lemma 3.1) with the quadratic decay of vacuum correlations between spatially 
separated observables in a massless theory (Lemma 3.5). As an interesting application 
of our methods, we briefly discuss in the Conclusions the momentum transfer of local 
operators in the model under study. 
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2 Massless Scalar Free Field Theory 



In the model at hand the Hilbert space H is the symmetric Fock space over L 2 (IR S , d s p). 
On this latter space there acts the unitary representation of translations 

{Ui{x)f){p} = e^>°-^)/(p), / e L 2 (W, d s p), (4) 

where u){p) = \p\. We denote by U(x) its second quantization acting on H, introduce 
the corresponding family of automorphisms of B(7i) 

a x (-) = U(x) ■ U(x)* (5) 

and adopt the notation A(x) := a x (A) for translated operators A E B(H). Next, we 
construct the local algebra 21(0) attached to the double cone O, whose base is the 
s-dimensional ball O r of radius r centered at the origin in configuration space: We 
introduce the closed subspaces CJ* 1 := [u T 2 D(O r )], where tilde denotes the Fourier 
transform, represent the respective projections by the same symbol and consider the 
real linear subspace of L 2 (R s ,d s p) 

£ = (1 + J)C + + (1 - J)£- (6) 

where J is the complex conjugation in configuration space. Then the local algebra is 
given by 

21(0) = { W(f) \feC }", (7) 

where W(f) = e i<a *^ +a< ^^ and a*(f), a(f) are the creation and annihilation operators. 

The rest of this section, which serves mostly to establish our notation, is devoted to 
the proof of the well known fact [3, 11] that the maps He in this model are p-nuclear 
w.r.t. the standard norm on C(T E , 21(0)*). In the massive case the argument was 
outlined in [15], Appendix B, so it suffices here to give a brief sketch which stresses the 
modifications: First, our present construction of the trace-class operator T differs from 
the choices made in the existing literature [3,11,15]: Let Qe be the projection on states 
of energy lower than E in the single-particle space, let h e D(O r ) be real and s.t. h > 0. 
We choose \ < 7 < ^ and define operators T E ,± = uj^2Q e C ± , T h> ± = uj^h 1 / 2 £ ± , 
where h is the corresponding multiplication operator in momentum space. By a slight 
modification of Lemma 3.5 from [11] one obtains that for s > 3 these operators satisfy 
|||^e,±| p ||i < OO) II |^i,±| p ||i < o° f° r any p > 0, where || • ||i denotes the trace norm. We 
define the operator T as follows 

T = (\T E , + \ 2 + \Te,-\ 2 + |T,, + | 2 + |TV| 2 )i (8) 

Making use of the fact [18] that for any < p < 1 and any pair of positive operators A, 
B, s.t. A p , B p are trace-class, there holds \\(A + Bf^ < ||A p ||i + H-B^li, we get 

imii < ni7vni 1 + ni7vni 1 + ni7\ i+ n 1 + wir^n, f 0r o< P < 1. (9) 

Since T commutes with J, it has a J-invariant orthonormal basis of eigenvectors {ej}^° 
and we denote the corresponding eigenvalues by {tj}^°. 
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In order to construct an expansion of the map He into rank-one mappings, we 
evaluate a Weyl operator on some functional (p G T E , rewrite it in a normal ordered 
form and expand it into a power series 

jm + +n + +2m~ 

= e~ 3ll/ " 2 £ m+!m H n+ !n-! V?(a * (/+r+ ^ (rr ' fl(/+)Tt+Q(r) "' ) - (10) 

m±,n± eNo 



where f — f + + if~ and / ± G £ ± are real in configuration space. Subsequently, we 
expand each function f ± in the orthonormal basis {ej}^° of J- invariant eigenvectors of 
the operator T: = Yl'jLi e j( e j\f ± )- Then, making use of the multinomial formula, 
we obtain 



aW(/±r± = £ ^(el/^aM^er", (11) 

H±,\n±\=m ± 

where fj, + , fx~ are multiindices, and substitute these expansions to (10). In order to sim- 
plify the resulting expression, we define for any two pairs of multiindices /J = (/i + ,/i~), 
V = (z/ + , u~) functionals S-p^ G given by 

S^foO = a^ef), (12) 

where a^*\Ce)^ = a^*\C + eY + a^*\C~ e) 11 . Moreover, with the help of the formula 

(n\[a( ei ), [. . . , [a(e k ), [a*(e k+1 ), [. . . , [a*(e,), W(/)], . . -P) 

= e-i» / » a n<e m |i/> n (if\e n2 ), (13) 

ni=l n,2=k+l 

one can express the factors (e| _/ ± ) At± , appearing in (11), in terms of normal functionals 
777,77 G 21(G)* defined as in [15], Appendix B, (using methods from [3]). Then expres- 
sion (10) takes the form 

f(W(f)) = Yl^ v {W{f))S-^). (14) 

In order to extend this formula to all A G 21(C), we study its convergence properties: 
In the present case the norms of the functionals r-p^ are not uniformly bounded in ~p, V. 
Instead, one obtains as in formula (B.7) of [15] 

llTjlMl - frw^KWr) -"^!)T' (15) 

where = + and /l! = Making use of the fact that for any f 1: ...,/„ G 

L 2 (R S , d s p) in the domain of u;a there hold the so called energy bounds [11] 

H^A) • • • a(Jf n )P E \\ < . . . \\f n \\ : (16) 

we obtain the estimate 

\\S %V \\ < E^u-iQECenu-tQECefKE^W. (17) 
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With the help of the bounds (15) and (17) one verifies that for any < p < 1 

Y \\r-pv\\ p WSnvV < Y - — i —t p n pu = V ^ — '— — 

where in the last step we set k — and made use of the multinomial formula. This 
bound allows us to restate expression (14) as follows 

Ke(<p) = ^r-ppSwitp), for <pef E , (19) 
-p,v 

where the sum converges in the norm topology in 21(C)* and there holds, in addition, 
|| 11^7 ||p < (J2-p V \\ T jz,v\\ P H-S^pP) 1 ^ < oo for < p < 1. This concludes the proof of the 
known fact that Condition N# holds in massless free field theory [3,11]. In the next 
section we will use the same expansion (19) to verify Condition N§. 



3 Verification of Condition N% 

By definition of the nuclear p-norms and formula (19) there holds the bound 

lin^lU...^ < (^Hd^MlL.., V. (20) 

To verify Condition N% we have to find estimates on the norms ||<Stz,i7||xi...x;v whose 
growth with N can be controlled at large spacelike distances Xi — Xj for % ^ j. The first 
step in this direction is taken in the following lemma which is inspired by Lemma 2.2 
from [6]. In contrast to the bound from [15], Lemma 4.1, the present estimate is uniform 
in the particle number and depends only on the energy of the state in question. This 
result substantiates the underlying physical idea of additivity of energy over isolated 
subregions. 

Lemma 3.1. Suppose that g G L 2 (R. S , d s p) and hg is in the domain of lu~^, where 
h G D{O r ) appeared in the definition of the operator T above. Then, for any x 1 . . . x^ G 
W +1 , there holds the bound 

N 

\\P E J2(^(9H9))(x k )P E \\<Esnp \h(p)\- 2 {\\^hg\\ 2 

+ (N - 1) sup \{u~*hg\U(xi - Xj)u~^hg)\}. (21) 

Proof. We pick single-particle vectors ^i,gi G L 2 (R s ,d s p) and define Q = 
Ylk=i( a *(9i) a {gi)){xk)- Then there holds 

N N 

(*i|QQ*i) <X)(Ma*(0iM0i))te)*i)E |<£/(^)<?i|£/(^)<?i>| 

1=1 k=l 

< (^iQ^OllbiH 2 + (A^ - 1) sup KC/^-^lC/Cx,)^)]}, (22) 



where we made use of the fact that a(U(xk)gi)a(U(xi)gi)^i = and of the Cauchy- 
Schwarz inequality. Since (^i|Q^i) 2 < (^i|QQ^i)||^i|| 2 , we obtain 

N 

k=i 

< ||*iH 2 {|bi|| 2 + (^-l)sup|(C/(^i|C/(^i)|}. (23) 

Next, let n > 1 and \I/ n E Pe'H be an n-particle vector s.t. the corresponding symmetric 
wave-function \P n {Pi ■ ■ ■ Pn) belongs to S'(IR sxn ). We also introduce a single-particle 
wave-function associated with \I/ n given by ^i(pi)p 2 ,...,p n = |Pi| 5 ^(Pi) _1 ^n(Pi, • • -Pn), 
where we treat p 2 , . . . ,p n as parameters. With the help of (23) we get 

N 



J2(*n\(a*(g)a(g))(x k )* n ) 
k=i 

f N i~ 

a / rf s p 2 --.ciX^(^i,P2,..,P„l( a l^ _ ^M a (^ _5 M)(^)^i,P2,..,Pn) 
J k=l 

<nj d s pi...d s p n \Ji{pi)\~ 2 \pi\\^ n {pi,...p ri 



'»j\ 2 



■{\\u~hg\\ 2 + (N - ^supKu-hglUixi - Xj )u~hg)\}. (24) 
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Finally, we note that 

n J d s Pl . . . d s p n |^(Pi)r 2 |Pi||*n(pi, • • -Pn)? 

< sup \h(p)\- 2 [ d s p 1 ...d s p n (\p 1 \ + --- + |p n |)|tt n (pi,... p. 
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< sup |Mp)|" 2 ^||*n|| 2 , (25) 

\p\<E 

where we made use of the fact that the wave-function is symmetric. Since the operators 
(a*(g)a(g))(xk) conserve the particle number and vectors of the form \P = cQ + Y^Li ^n, 
where \\^\\ 2 = \c\ 2 + Y^=i ll^«l| 2 < °°5 are dense in Pe'H, we easily obtain the bound 
in the statement of the lemma. □ 

Our next task is to control the expressions appearing on the right-hand side of esti- 
mate (21). Lemma 3.2 below, which holds in particular for F(p) = \p\~ 2 , will be crucial 
in this respect. We start with some definitions: for any p > and some fixed e > we 
choose a function x(O p ) E C^(R S ) s.t. xiP P ){x) = 1 for x E O p and xiP P ){x) = for 
x O p+e . We denote the operator of multiplication by x(@p) m configuration space by 
the same symbol. 

Lemma 3.2. Suppose that F E S'(R S ) coincides with a bounded, measurable function 
in the region { y E 1R S | \y\ > p } and its Fourier transform F is a positive, measurable 
function s.t. F 1 / 2 E L 2 (R s ,d s p) + L°°(R s ,d s p). Then F 1 / 2 X {O p ) is a bounded operator 
and there holds 

\\ X (O p )F Xs (O p )\\<c S:P:e sup \F(z-x)\ for\x\ >3(p + e), (26) 

|i*|<2p+3e 
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where xs{O p ){y) = x(O p )(y — x), the constant c SiPi£ is independent of x and we denote 
the operator of multiplication by F in momentum space by the same symbol. 

Proof. In order to prove the first statement we make a decomposition F 1 / 2 = F^ 2 + 
F^ 2 , where F 2 1/2 e L 2 (R s ,d s p), F^ 2 e L°°(R s ,d s p). Since F^ 2 is a bounded operator, 
it suffices to consider F^xiPp)- We pick f\, f 2 G S(R S ) and estimate 

\(h\F l 2 /2 X {O p )f 2 )\ = (2tt)-3| I cfpcfg fi(p)F^ /2 (p)x(O p )(p - q)f 2 (q)\ 

< c||/iF 2 1/2 ||i||x(0p)|| 2 ||/ 2 || 2 < c||M| 2 ||F 2 1/2 || 2 ||x(^)|| 2 ||/ 2 || 2 , (27) 

where in the second step we made use of the Young inequality 1 [22] and in the last 
estimate we applied Holder's inequality. 

Next, we verify relation (26). If \x\ > 3(p + e), then + < 2p + 3e implies \y\ > p 
and the expression 

F s (p) := (2tt)-S J d s ye-^F(y) X _ s (0 2{p+e) )(y) (28) 

defines a bounded, continuous function. The operator of multiplication by Fg in mo- 
mentum space, denoted by the same symbol, satisfies the equality 

X (O p )F sXs (O p ) = X (O p )F Xs (O p ) (29) 

which can be verified by computing the matrix elements of both bounded operators 
between vectors from S^R 5 ), proceeding to configuration space and noting that the 
distributions F and X-x(@2(p+e))F coincide on the resulting set of smearing functions. 
Moreover, we obtain from (28) 

\F s (p)\<(27r)-i [ d s y\ X (0 2{p+e) )(y)\ sup \F(z-x)\ 

J \z\<2p+3e 

= c s ^ t sup \F(z-x)\, (30) 

\z\<2p+3e 

what concludes the proof of the lemma. □ 

After this preparation we set g = £ ± e in Lemma 3.1 and undertake the study of the 
functions 

R s+1 3x^ (uj-h^elU^uj-h^e) (31) 

appearing on the right-hand side of estimate (21). We recall from our discussion in 
Section 2 that oj-^h 1 ' 2 ^ are trace-class operators, so hg are in the domain of uj 2 as 
required in Lemma 3.1. A link with Lemma 3.2 is provided by the following identities 

C ± = u^x(O r )u^C ± , (32) 

where r is the radius of the ball entering into the definition of the subspaces C ± . The 
following result covers the case of translations in space. 

1 The Young inequality states that for any positive functions / G L ri (R s ,d s p), g € L r2 (W , d s p), 
h e L T3 (R s , d s p) , where 1 < n, r 2 , r 3 < 00 s.t. ± + ± + ± = 2, there holds the bound 

J d s pd s q f(p)g(p-q)h(q) < C r ^ r3 ||/|| ri \\g\\ r2 \\h\\ r3 . 
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Lemma 3.3. Assume that s > 3 and let e be a normalized eigenvector of the operator 
T corresponding to the eigenvalue t. Then there holds 

(a) (u~^hC~e\U(x)uj~^h£~e) = for \x\ > Ar, 

(b) K^-^el^fV-^e)! < 

where the constant c s . r is independent of x and e. 

Proof. To prove part (a) we set again XxiO r ){y) = x(O r )(y — x) and note that 

{uj~^hC~e\U(x)uo~^hC~e) 

= (uj-^hC-e\x(0 2r ) Xs (0 2r )U(x)uj-^hC-e) = 0, (33) 

for \x\ > 4r, since h G D(O r ) and hence uo'^hCre G [D{0 2r )\. Due to the uniform 
bound 

liu-th&elUfflu-thC^e)] < lk 7 ^ /2 ||L(e|T 2 ± e> < Wcu^hW^t 2 , (34) 

which involves the parameter 7 G [|, from the definition of the operator T, there 
also follows the (— ) part of (b). To prove the (+) part we estimate 

\{w-*h£ + e\U(x)u;-*hC + e)\ = \(hu^ C + e\ X {0 2r )uj-\ g {0 2r )huj^U{x)C + e)\ 

< t^ +1 h\\^\\ X (0 2r )u-\,(0 2r )\\. (35) 

Now we are in position to apply Lemma 3.2: We set F{p) = \p\~ 2 . Then 

F{P) 112 = IpT^HpI + 1) + bT^(b1 - 1) G L\R s ,d s p) + L^(R s ,d s p) (36) 
and F(x) = c s \x\~^ s ~ 2 \ where c s = 25~ 2 r(| — 1). We obtain for \x\ > 6r + 3e 

uio^-h^n < ( p|_ 4 c ;: 3e) .-r (37) 

Making use of the uniform bound (34), we get the estimate from the statement of the 
lemma for a suitable constant c s>r . □ 

In order to obtain estimates on functions (31) valid for arbitrary spacelike translations 
x we recall, in a slightly generalized form, the following result from [8]. 

Lemma 3.4. Let 5 > 0. Then there exists some continuous function f{uj) which de- 
creases almost exponentially, i.e. sup w \f(to)\e^ K < 00 for any < k < 1, and which 
has the property that for any pair of operators A, B such that Q belongs to their domains 
and to the domains of their adjoints, satisfying 

(n\ [A, e itH Be- itH ] Q) = for \t\ < S, (38) 

there holds the identity (Q\ABQ) = (Q\Af(5H)BQ) + (Q\Bf(5H)AQ). 

With the help of the above lemma we prove the desired bounds. 
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Lemma 3.5. Assume that s > 3. Let e G L 2 (R s ,d s p)i satisfy Te = te and Je = e. 
Then, for any e > and x G R s+1 s.t. \x\ > \x°\, there hold the estimates 



lihu-t&elUWhu-iC^l < 



(\x\ — \x c 

where the constant c s>r>£ is independent of x and e. 



l)s-2-e> 



(39) 



Proof. First, we define the operators 0+(e) = a*(h£ + e)+a(hC + e), 0_(e) = a*(ihC~e)+ 
a{ihC~e) and their translates 0±(e)(x) = U(x)(j)±(e)U(x)~ 1 . Since the projections 
and the multiplication operators h commute with J and Je = e, the operators <p±(e) 
are just canonical fields and momenta of the free field theory localized in the double 
cone of radius 2r centered at zero. We assume without loss of generality that x° > 0, 
introduce functions F ± (r) = (/i£ ± e|w~ 1 ?7(a ? + re^hC^e) for < r < x°, where eo is 
the unit vector in the time direction, and consider the derivative 



dF ± (r) 



dr 



m\Me)Me)(x + Te )n)\. 



(40) 



We define S T 



x 



t — 4r and assume that S T > for < r < x°, i.e. \x\ — x° > 4r. 



Then, by locality, 0±(e) and 4>±(e)(x + reo) satisfy the assumptions of Lemma 3.4 with 
8 — 8 T . Making use of this result, we obtain 



dF ± (r) 



dr 



(LO 



- 7 /i£ ± e|w 27 /(^)f/(f + reo^h^e) 



+ {to^'hC ± e\uj 2 ' < f\5 T uj)U{-x - re )cj- 7 /i£ ± e) 
< il^Usupl^/HI. 



(41) 



Next, we set 7 



S — 1— £ 



for < e < 1 and arrive at the following estimate 

w-vh&elUWw-th&ejl = ^(x )] < 1^(0)1 + 

< 





dF ± (r) 


/ dr 


dr 


Jo 



X 







4r) 



i-2-e ' 



(42) 



where in the last step we applied Lemma 3.3 and estimate (41). Since the left-hand side 
of relation (42) satisfies a uniform bound analogous to (34), we obtain the estimate in 
the statement of the lemma. □ 

Now we are ready to prove the required bounds on the norms of the functionals S-p tV . 



Proposition 3.6. Given a family of points x\ . . .xn G W +1 we define S(x) = infj^-(| 



.L ; 



\X. 



■x°A). For s > 3, S(x) > and any e > the functionals S-p ;V satisfy the bound 



\\S%v\ 



x\...xjsr 



< 16c s , r , £ sup \h(p)\- 2 E^ u k 2 ^ +u U 1 



\P\<E 



N- 1 



(s(x) + iy- 2 - 



(43) 



where the constant c s>r>£ appeared in Lemma 3. 5. 
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Proof. Making use of the fact that So,o = 0, we can assume without loss of generality 
that V 7^ and decompose it into two pairs of multiindices V = V a + V\> in such a way 
that |z/fe| = 1. Proceeding as in the proof of Proposition 4.4 in [15] (formulas (4.12) and 
(4.13)) we obtain the bound 



N 



WS^vWL..^ < 16E^+^t 2 (^\\P E J2 {a*(£ef»a(£ey»)(x k )P E \\. (44) 

k=i 

From Lemmas 3.1 and 3.5 we get 

N 

\\P E Y] {a?{Ce) Vb a{Ce) v »){x k )P E \\ < E sup |^(^0 1 ~ 2 { ||^~^ (i^e)^ |l 2 
k=i b1<£ 

+ (N- 1) sup \(hw-* (Ce) Vb \U{xi -Xj)hu}-*{£e) Vb )\} 

i¥=3 

< c s , r , £ sup \h(p)\- 2 Et^\l + , M ?~l_ 2 _ e \. (45) 

\p\<E I {0{X) + l) s £ J 

Substituting inequality (45) into formula (44), we obtain the estimate in the statement 
of the proposition. □ 

We note that the bound from Proposition 3.6 has a similar structure to estimate (17) 
for the ordinary norms of S-p t „. Therefore, making use of formulas (20) and (18), we 
obtain 



in 



E\\p,xi...Xff 

4 



<Csu P \mr(t . \\ (46) 

It follows that lim sup^^^ lln^llp^...-,;^ satisfies a bound which is independent of N. 
Consequently, we get 

Theorem 3.7. Condition N§ holds in massless scalar free field theory in s > 3 dimen- 
sional space. 



4 Conclusions 

In this work we verified the sharpened nuclearity condition N$ in massless free field 
theory in spacetime of physical or higher dimension. This criterion guarantees the 
uniqueness of the vacuum state in the energy-connected component of the state space, 
in agreement with physical observations [15]. Nevertheless, it turns out to be consistent 
with a degenerate vacuum structure: Recall that massless free field theory has a spon- 
taneously broken gauge symmetry R 3 A — > (3\, corresponding to a shift of the pointlike 
localized field by a constant, which is defined on Weyl operators by 

f3 x (W(f)) = e««%(/). (47) 
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This group of transformations gives rise to a family of pure, regular vacuum states 




(48) 



whose energy-connected components are, in fact, disjoint subsets of the state space for 
s > 3 [13]. This is no longer true for s = 2 in which case Condition N%, as well 
as the weaker Condition N$, does not hold due to singular infrared properties of this 
theory [11]. 

The methods developed in the present Letter are relevant to harmonic analysis of 
local operators A e 21(C). We recall that in any relativistic quantum field theory there 
holds the bound [6] 



for any e > 0, where A(p) is the Fourier transform of A(x). Since the mollifier |p| s + 1+e 
suppresses the contributions to <p(A(p)) with small momentum transfer, which become 
relevant at asymptotic times [1,20,21], we are interested in the minimal power of |p| for 
which the bound (49) is still valid. Making use of an improved variant of an improved 
variant of Lemma 3.1, one can show that for s > 3 there holds in massless free field 
theory 



With the help of a suitable sequence of functionals (p n G Te,i, involving arbitrarily large 
number of particles, it can be verified that the power of the mollifier \p\ 2 cannot be 
further reduced on the whole local algebra 21(0) in this model. However, making use 
of the more refined expansion of the map He into rank-one mappings, developed in [3], 
one can construct a subspace of finite co- dimension in 21(C) on which there holds the 
bound 



familiar from massive free field theory [15]. This subspace contains, in particular, the 
elements of the fixed-point subalgebra of A — > j3\ whose vacuum expectation values 
vanish. These results, whose detailed proofs will be presented elsewhere, demonstrate 
the utility of the phase space methods in the development of a more detailed harmonic 
analysis of automorphism groups [2]. 
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